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Nonparametric inference for Hawkes processes

Functional connectivity graph of neurons

A neuron is an electrically excitable cell that processes and transmits information
through electrical signals
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Action potentials can be recorded and the excitations times can be seen as a point
process, each point corresponding to the peak of one action potential of this neuron.
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Nonparametric inference for Hawkes processes

Functional connectivity graph of neurons

Observations: spike trains on 5 neurons on a time window [0, T]
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Goal: Using activity recordings of K neurons, we wish to infer the graph between them.
For this purpose, we use probabilistic models based on Hawkes processes.
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Point process on R

@ N is a point process < N is a random set of points on R.

N(A) = number of points in A

Intensity function

A(t)dt = P(point in [t,t + dt)|Ns,s < t)

example PP : A(t) is deterministic.

@ Univariate linear Hawkes process

)\(t):u—i—/t h(t—s)dNe=v+ > h(t—t), h>0

ti<t
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Multidimensional Hawkes: linear and nonlinear

@ K neurones interacting: K Point Proc non independent. N = (N(l), e ,N(K))

K i
AW = o (y,- + Z/ hej(t — u)dN“’(u))
=17 i
) :
=¢ vj + Z Z hgj(t — Tg) =

=1 T,enN), Ty<t

=
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Multidimensional Hawkes: linear and nonlinear

@ K neurones interacting: K Point Proc non independent. N = (N(l), e ,N(K))

AW = o (y,- + Z/ hej(t — u)dN“’(u))
=17
K
=¢ VJ'—I—Z Z hgj(t— Tg)

=1 T,enN), Ty<t

@ Non linear ® to allow for inhibition effects: hgj(x) < 0 for some x.

@ Linear Hawkes ®(x) = x
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Nonparametric inference for Hawkes processes Hawkes processes

Multidimensional Hawkes: linear and nonlinear

@ K neurones interacting: K Point Proc non independent. N = (N(l), e ,N(K))

AW = o (y,- + Z/ hej(t — u)dN(“(u))
=17
K
=¢ VJ'—I—Z Z hgj(t— Tg)

=1 T,enN), Ty<t

@ Non linear ® to allow for inhibition effects: hgj(x) < 0 for some x.
@ Linear Hawkes ®(x) = x

N is stationary iff spectral radius sp(p) < 1

A
where  p = (po)ek<k, pekZ/ hei(x)dx
0

Here we study only the linear case but
(i) high dimensional: K >> 1 and/or (ii) BvM results
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Multivariate Hawkes processes- Statistical Goal

Estimation of f = (v}, (hej)ref1:x])ke[1:k] based on observations of
N = (N9);cp1,k on [0, T] with intensity process (AD);ep1:xq-
e Non parametric aspect :
A([f — foll1 <er[N) — 1
e Semi parametric
NVT(W(F) = V(h) < 2|N) — dy,(2)

with W(f) = v, or W(f) = pyx etc .
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Nonparametric inference for Hawkes processes Hawkes processes

State of the art for theoretical results [Nonparametric
estimation]

K e
5 [ e an).
e=17 =0

@ Linear case in the nonparametric setting with wixed K: i (x) = x

- Lasso-type estimation: Hansen, Reynaud-Bouret and R. (2015)
- Bayesian estimation: Donnet, Rivoirard and Rousseau (2020)

@ Nonlinear case and fixed K:

- Sulem, Rivoirard, Rousseau [1]& [2] : Bayes & Variational Bayes

- Parametric approaches: Bonnet, Martinez Herrera and Sangnier (2021a,b) :
MLE for exponential kernel functions. Lemonnier and Vayatis (2014): Linear
approximation with exponential kernels. Deutsch and Ross (2022) : Bayesian
modelling

@ Large K Chen, Witten and Shojaie (2017) in non linear (bounded ¢) estimation of
covariances and Bacry, Bompaire, Gaiffas and Muzy (2020) estimation of A using
covariances
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Nonparametric inference for Hawkes processes [EOII@eeIaaloately)

Bayesian inference framework

@ We assume that we observe over [—A, T] a stationary Hawkes process
N = (/\/(1))... 7N(K)) ]

o log-likelihood at f = (v, h) € F C RK x #K’:

T . . T .
ZU . LU(f) = V log(X.(f))dM 7/ )\Jt(f)dt] .
0 0
e [1: prior on (v, h) € F. Then posterior distribution:

[ exp(Lr(£))dM(F)
N BIN) = o (Lr (F)an(F)”
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Inference for high dimensional Hawkes models: K >> 1

@ We observe N = (N(j))je[[l;;q] on [0, T] with intensity (/\(j))je[[l;,q] :
‘ K e
A =43 [ (e = VO, Anl) = (£ H £ 0)
(=17

@ Assumptions:
-v; €R, j < K and supp(hej) C [0, A], A > 0 fixed.
- K >>1 and Ao(j) unknown but max; |Ao(j)| < a0 unknown
- stationary assumption

@ Statistical goals: Bayesian estimation of
f=(v, (héj)ZE[[l;K]] )je[[l;;q]

by using observations of N = (NY);cp1.41 on [-A, T] with T — +oo
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Example of priors f = (v, h = (hy)ecpi.k])je:k]: Selection
prior

K
dn(f) =TT dMath ) [T M), b= (hy,t < K)
j=1 j

with
1y i m, e.g. m, is a Gamma distribution.
2. Inducing sparsity on h : Selection priors ; Vj < K A(j) = {¢; hyj # 0}

AU = aj ~ma, [AQ)laj] ~U; ;=1 < L€ A())

Ve e A(j)  hy i My 6 = (0¢)ej = connectivity graph.
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Examples of priors for [, or 13

o Random histogram if £ € A(j): | ~ P(a),; (w7, i <)~ G

hZJ Z 1]t,,t,+1] Z w; ’J(t,+1 - t

e mixture of Betas if £ € A(j):

1 1
ho) = 5 [ Baslx/ AR e). (Qjr0r) ~ Mg &7,

Qr,j = pe,j x Dirichlet Process, g, = Beta(a/(1 — u),a/u)
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Independent priors: computation and theory

K
dn(f) =1 dn«(5), £ = (v hy)
j=1

o Parallel computation : important

K
n(df, -, dfc|N) = [ w(dfIN), £ = (vi, o, £ < K)
j=1
@ Selection prior : faster with strong sparsity ko << K :
Nb of possibilities = Kk~1/2 << 2K
@ Theory: study m(dfj|N) separately.
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Nonparametric inference for Hawkes processes Our contribution

Posterior contraction rates

e Aim : Posterior contraction rates : Find for all j < K, ur = o(1) s.t.
Py
N(d(f,£7) < ur|N) == 1, d(£,£°) = [y — 17| + > llhg — Iy
<K

In particular e Fixed K theory [Donnet et al. ,Sulem et al.] If

o If M(maxe [lhy — hYlloc < e7) 2 €T

o If N(er, .| -|l1) < CTe% and N(HS) < e~ latC(K)log TITex

Hr C{hyistlpllh <1} p=(pylejeks poy= /héj

Then

MO e = hell + v = volly < C(K)\/log Ter|N) =1+ op,(1).

0,k
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Some empirical results: K =8 N[0, T] ~ 300

D) D)
© ©

() O
S~ S~
Figure: Results for scenario 2 for one given dataset. Posterior estimation of the
interaction graph for T = 10 on the left and T = 20 on the right, for one randomly
chosen dataset. Level ongrey and width of the edges proportional to the posterior
estimated probability of P(5¢.x = 1|(N:™)¢ info,1])-
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Nonparametric inference for Hawkes processes Our contribution
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Figure: Results for scenario 2 for one given dataset. Estimation of the non null
interaction functions (he «)ek=1,...,s using the regular prior for T = 10 (upper panel) and
T = 20 (bottom). The gray region indicates the credible region for hy «(t) (delimited by
the 5% and 95% percentiles of the posterior distribution). The true hg  is in plain line,
the posterior expectation and posterior median for he «(t) are in dotted and dashed lines
respectively.
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Nonparametric inference for Hawkes processes Our contribution

New posterior concentration rates: selection priors

o true Parameter fo = (v°,h°). pf; = fo hg;(t)dt, Ao(j) = {¢; hY; # 0}
@ Stronger stationary and sparsity assumptions:

o |[lpollfoc = max¢ > py; < ¢ <1 & max; |A(j)| < a0 &Vjo<v)<1l/a
o max;,¢ |[h)j]loc < Co & max; pi} < Go, p1f = Eo[Ae(fo)].

@ Selection prior : A(j) = {¢; hgj # 0} a(j) = |A()| ~ 7, hej € H

Theorem (L; Posterior contraction rates)

If Ve € Ao(j) N(|lbej — hjlloo < €7) > e™0TT & (000 P2 < €5) > 7T

IHr CH Ny(HS) = o(e"Batrlos T)T‘Tz), log N (er, Hr, || - 1) S Ter”

Then, if K = o(T) and N(a(j) > L7) < e~ at+xleT) Ter < dlog T

VjiEo [M(ly; — ]|+ > llhe — hijll > € Terlog T|N) | = o(1).
£
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Nonparametric inference for Hawkes processes Our contribution

Some comments

5CoLr,

vr =e Tlog T

@ ¢ ~ rate if graph of interactions Ag(j) was known
@ Prior induced sparsity L1: has an exponential effect on rate
o If m, has support {0,--, M7y} with My = O(loglog T) Then

vr = erpolylog T.

o Result is Vj, T(||fi — £2]1 < vr(j)IN) = 1+ 0p(1), not
A%, 1 = 21l < vr()IN) =1+ 0,(1)
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What is e77?

e7 depends on 7, and smoothness of h°
@ Random histogram prior : hyj(x) = Zf;g 1];//,(;+1)//](X)W,-e’j/K if £ € A())

I ~P(M), (wi,-,w,wy)~ D(a),
Under sparsity assumptions on O and in I, if h® is Holder 8 < 1
ey = T-8/C5+)
@ Mixture of Betas . Under same assumptions + MFM for Q; if h® is Holder 3,

>0
er = TB/@3+1)
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Nonparametric inference for Hawkes processes [EOII@eeIaaloately)

Some comments on the selection prior

Prior on A(j)

o 3 = |A()| ~ .

o [AU)|aj] ~ Us by = 0 i £ ¢ A(j)

@ hgj ~ mp
Spike and Slab prior hgx ~ (1 — p)d(oy + pm1,n To have
T.(|AG)| > vIog T) < e~ <T<T 16 T one needs

PSS
KT62T

= 0o(1/K) not desirable
Examples of 7, truncated prior or

ma(a) > x) <e ™ r>1
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Nonparametric inference for Hawkes processes Our contribution

A weaker intermediate result in empirical loss

Theorem (L; Posterior contraction rates)

IF¥E € Aoj) T(|| g —

hgj”oo < ET) > e—51T62T & W(ZZQAUU) pej < 62T) > e—C1Te2T
I CH Ny(HS) = o(e=Catrloe DTer®y - og N (e, Hr, || - |l1) S Ter?

Then, if K =o(T) and N(a(j) > L) < e~ Ratrlog T,

Vj; Eo

T AR 0
() Plf) 24D e > Trertog TI) | = o)

L+ does not need to be so small

Ae( £0 - . .
The loss IT ‘7Tt(J)|dt . prediction but not for parameter estimation

Judith Rousseau ( Université Paris-Dauphine and Univ| IHP 2024

21/33



Insights on the results

e Forthed 1 = fOT INL(F) = M(FO)|dt/ T rate, Br(j)S = {ch,7(f, £°) 2 ur}

0.
I ch eLr(FiN)—Lr(£; Nf)dn( )._ A1)
B = T an ) T Drl)

o TM(maxeay(j) [ hej — hg_j”oo <e€r; ZfiAo(f) poj < €5) 2 e—aTer implies
DT > e—ClTe%— log T Whp
e L; Entropy of {hgj,¢ < S}: Ev(S) = |S|Er(H7) and |S| < Lt

Er SLeTé: = Nr(j)=o(Dy) if ur=+/LrerlogT
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Going from d; 1 to L4

D)) = l—f+ S / hy(t — s)dNE+ 3 / (ks — h)(t — 5))d

L€ AL()ENAY) L€AY

T2 =0 if NA0[t—A,t)=0

To separate vj — I/j(-) from h terms: we need NAU)[t — A t) = 0:
e probability P(NAU)[t — A, t) = 0) < e~ <l4U)l : curse of dimensionality
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Bernstein von Mises for functionals of f

e Functionals of interest : W(f) = vj or W(f) = [ b(x)hej(x
e Questions

o Can we estimate 6 = W(f) at a faster rate ?
@ Can we derive en efficient theory 7 BvM 7
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Semiparametric inference

Bernstein von Mises theorem: general theory [castillo, R. &

Rivoirard, R.]

Existing theory on BvM for 6 = W(f)

o If LAN : £7(f) — (1 () = VT Wy (f — fi) — TIEBlL | Rest
e If smooth V: .
V() =V(fh) + < to. [ — fy >, + rest

o If M(A7|N) = 1+ 0,(1) &

[a €T dn(f) to
:1+OP0(1), ft:f?ﬁ

fAT e‘r(Ndn(f)

o = least favorable direction for W(f) at f
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Semiparametric inference

Bernstein von Mises theorem: general theory [castillo, R. &
Rivoirard, R.]

Existing theory on BvM for 6 = W(f)

o If LAN : £7(f) — (1 () = VT Wy (f — fi) — TIEBlL | Rest
e If smooth V: .
V() =V(fh) + < to. [ — fy >, + rest

o If M(A7|N) = 1+ 0,(1) &

[a €T dn(f) to

A o 1), fi=f—-—2
T, e Odn(f) +or(1), fi VT

o = least favorable direction for W(f) at f

Then dp (M(VT(0 — 8)|N), N(0, ||ho]|3)) = op,(1) :  BvM
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LAN expansion: univariate case (for simplicity)

e True parameter: fy = (vo, ho), fOA ho(x)dx < 1
e LAN expansion a € R, g € L(0, A)

2
ET(VO + a/\/f hg —i—g/ﬁ) — ET(VO7 ho) = WT(a, g) — M + Rest

e LAN scalar product : Aa(a,g) =a+ fOA7 g(A — s)dN;

Aa((a1, g1))Aa( (a2, g2)))
Aa(no) ’

< (a1,81), (a2, 82) >1=Eo <

/0 All28)) gy, (o) = N (0. (2. £)I)

Wr(a.g) = Ae(10)

1
7
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Comment on boundary effect

2
ET(VO + a/ﬁ, ho + g/ﬁ) — KT(V(), ho) = WT(a,g) — % + Rest

e We need hy+ g/vVT € H, i.e. hg+g/VT > 0.

o If hg > co > 0then hg+ g/VT > co — ||glloc/V'T >0 for T large: No
problem

e If inf, ho(x) = 0, then tangent set :

H=1{gelo(0,A);g(x)>0Vxeh}, h={x hx)=0}
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least favorable direction (ry, gp) € R x L, for W(n) =v

o={t- /gof(x)dx)/ao_, 8o + eo) _ —n

f
where
F(x) = Fo (%) . a0 = Eo(1/Aa(m))
&) = [ solma ()

go non explicit :
(1) makes it harder to study the change of variable condition h — ugy/+/T in BvM
(2) Not clear that h — ugy/v/T > 0 if inf, h(x) ~ 0

Judith Rousseau ( Université Paris-Dauphine and Univ| IHP 2024 28/33



Bayesian and frequentist consequences

o Frequentist : W(n) = av + [ b(x)h(x)dx can be estimated at the rate v/T +
efficient theory . Efficient estimator in the form

- Wr(ro, go)
W =V(no) + —JT + opy(1)
e Bayesian BvM if for all |u| small
f e 2 drl n) (r07g0)

Toy ety 1 on) =
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Two reasons to fail: smoothness and positivity

example : random histogram prior

J
h(x) =Y hly(x), [l S, I~y
j=1

@ smoothness (usual story) : Then h, = h— \”/i% # Ejzl l::jllj

e Positivity (unusual): if hg = 0, then h~ 0 and h — ugy/v/T may by < 0
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Two reasons to fail: smoothness and positivity

example : random histogram prior

J
h(x) =Y hly(x), [l S, I~y
j=1

@ smoothness (usual story) : Then h, = h— \”/i% # Ejzl l::jllj

e Positivity (unusual): if hg = 0, then h~ 0 and h — ugy/v/T may by < 0

N is not absolutely continuous wrt 1
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Enlarging and undersmoothing

h(x) = hly(x), [l S, S~y
j=1

e Enlarging
15>, N(dh) v
N(dh) = ==—1—— < —
(dh) M(h> —cr) TN + log T2

or non linear ReLU model

Ae(n) = <1/+/t_ h(t — s)st> , h:[0,A] =R

+

eUndersmoothing

VT (W) = W)IN = Y NNV Tbo(J) +N(0, vy)]
J

bo(j) =< (0, ho — ho 4), (0,80 — 8o,4) >ran, Vs _= ||(r0, &)l

J—oo
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Semiparametric inference

Some comments and open questions

@ Prior sparcity Lt : Influence \/Lret for empirical loss but e®:7 e+ for the
||f — fol|1 loss. Is it sharp?

o Provides a minimax estimation rate [up to log T]: T—#/(28+1) for K = o(T).
What happens if T8 > K >> T?

e Prior does not depend on |Aq(j)| , a0, ¢ = max; >, pf <1, B : Fully
adaptive.

@ Selection priors better than spike and slab priors. Both lead to (fairly)
computationally intensive algos (necessity to search the space) : Derive
families of Bayesian algos that scale with K but remain statistically optimal

@ Semi parametric inference: do we really have to enlarge the model?

@ Need to target the prior for the functional ? Not satisfying (like plug in
estimate).
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Semiparametric inference

Thank you for your attention.
Questions and remarks are welcomed!
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